ABSTRACT This paper addressed the fuzzy dynamic output feedback control problem for a class of nonlinear discrete-time Takagi-Sugeno (T-S) fuzzy systems with multiple time-varying delays and unmatched disturbances. Based on the control input matrix and output matrix, the T-S fuzzy model is employed to approximate the nonlinear discrete-time system. Based on the stochastic system theory and the Bernoulli distribution, the fuzzy dynamic output feedback controller is constructed for the nonlinear discrete-time T-S fuzzy system with multiple time-varying delay and unmatched disturbance. The H ∞ performance analysis is presented, and the cone complementarity linearization algorithm is employed for the stability analysis to deal with the non-convex problem caused by the basis-dependent linear matrix inequalities conditions. Compared with the previous works, the developed controller in this paper is smooth and only uses the system output. The control design conditions are relaxed because of the developed cone complementarity linearization algorithm. The results are further extended to the chemical process case and the mobile robot case. Finally, two simulation examples are performed to show the effectiveness of the proposed methods.
I. INTRODUCTION
Many practical systems are the large nonlinear complex systems and consist of the time-delays and external disturbances in the real world [1] , [2] . In these existing literatures, there are two main issues, the time-delays issue and the external disturbances issue, to be solved for the nonlinear uncertain systems [3] . Due to the effect of the time-delays and external disturbances, the systems may instability, and the system control performances of the nonlinear systems are assured hardly [4] . So far, the stability analysis and robust control for the dynamic time-delay systems have attracted a number of researchers over the past years, see [5] - [8] and the references therein. The fuzzy system can be regarded as a fuzzy blending of many local linear models and utilized effectively to approximate nonlinear plants encountered in control engineering. Thus, the method has become an important methodology for the nonlinear system design [9] .
On the other hand, it is well known that the fuzzy control theory provides the powerful method to solve the control design issues for the nonlinear systems with the time-delays and external disturbances [10] . Particularly, the nonlinear T-S fuzzy model has attracted lots of attention for the intelligent fuzzy design methods, since it is rigorously effective and conceptually simple for the nonlinear highly complex systems [11] . Based on the dynamic fuzzy back-stepping control theory, an adaptive tracking controller was designed for the nonlinear MIMO system with time-delays [12] . In [13] , an adaptive fuzzy-decentralized robust output-feedback control strategy is proposed for a class of large-scale strict-feedback nonlinear systems with unmeasured states and external disturbances. Then, a new adaptive T-S fuzzy method was developed in [14] to improve the haptic feedback fidelity of the nonlinear stochastic system with actuator faults. It should be point out that the above results are based on the parallel distributed compensation design scheme [15] , and the fuzzy filter controller needs to share the same premise membership functions. To reduce the conservatism of the filter design methods, the fuzzy-basisdependent Lyapunov-Krasovskii functional is employed and the stability conditions in the form of LMIs are derived [16] . In order to consider the delay distributions fully, the delay segmentation approach is introduced and the guaranteed cost controller was investigated for a class of interval type-2 T-S fuzzy descriptor system with time-varying delays [17] . However, if the nonlinear system contains the multiple timedelays and external disturbances, the membership functions of T-S fuzzy model will contain the nonlinear uncertainties. Based on the above reasons, the grades of membership for the nonlinear fuzzy system will become uncertain in value, and the non-convex problem caused by the nonlinear system may arise. Therefore, dealing with the trade-off between the less conservative condition and increased design complexity remains an important problem in control system design.
Recently, the adaptive fuzzy and output feedback control theories have been studied extensively in the nonlinear control problems and application problems, see [18] , [19] , and the references therein. In [20] , a fuzzy-model-based static output-feedback method was proposed and the reliable distributed fuzzy controller was constructed. In order to deal with the unknown nonlinear uncertainties caused by the time-varying delays, some adaptive fuzzy and robust output-feedback control strategies [21] - [23] have been developed. In addition, the output-feedback controllers based on the fuzzy theory are often considered as universal effective controllers, and these controller have the better ability to approximate the nonlinear uncertainties. In [24] , the dynamic output-feedback control theory was employed for a class of nonlinear industrial systems with unknown disturbances, and the fuzzy network design methodology was presented. Recently, the predictive control and fuzzy output feedback control methods based on the LMIs have been developed for the nonlinear affine/non-affine system [25] - [27] . In [28] , the mode-dependent nonrational output feedback control method was proposed for the nonlinear semi-Markovian jump systems with time-varying delays. Then with the help of dynamic output feedback control technique, the twoterm approximation theory was investigated in [29] for the Markovian jump systems with time-varying delays and defective mode information. However, most of the above controllers are designed based on the Lyapunov-Krasovskii functional. In addition, it should be mentioned that the unmatched disturbances have not been considered for the nonlinear system with multiple time-varying delays in these literatures. Very few results employed the stochastic system theory and Bernoulli distribution, and consider with the unmatched disturbances for the nonlinear T-S fuzzy system with multiple time-varying delays. The dynamic output feedback technique is more flexible and the required conditions are less conservative. Based on the above discussion, the H ∞ dynamic output-feedback controller for a class of nonlinear T-S fuzzy systems with multiple time-delays and unmatched external disturbances is investigated in this paper.
The objective of this paper is to design the dynamic outputfeedback controller for the nonlinear discrete-time T-S fuzzy system, such that the solutions of the closed-loop system converge to an adjustable bounded region. Compared with the previous works, the developed controller in this paper is smooth and only uses the system output. The control design conditions are relaxed because of the developed cone complementarity linearization algorithm. The contributions of this paper are summarized as follows:
(1) The T-S fuzzy model is employed to approximate the nonlinear system based on the control input matrix and output matrix. And the nonlinear uncertainties caused by the multiple time-varying delays and unmatched disturbances can be approximated effectively.
(2) The fuzzy dynamic output feedback controller is constructed based on the stochastic system theory and Bernoulli distribution. The developed controller is smooth and more flexible, and only uses the system output.
(3)By introduced the stochastic system theory and Bernoulli distribution, it can be seen that the solutions of the resultant closed-loop system converge to an adjustable bounded region. The H ∞ performance analysis is presented, and the cone complementarity linearization algorithm is employed for the stability analysis to deal with the non-convex problem caused by the basis-dependent LMIs conditions. This paper is organized as follows. In Section II, the preliminary knowledge is presented for the nonlinear discrete-time T-S fuzzy systems with multiple timedelays and unmatched disturbances. In Section III, based on the stochastic system theory and Bernoulli distribution, the fuzzy dynamic output feedback controller is constructed. In section IV, the H ∞ stability analysis and cone complementarity linearization algorithm are introduced for the closed-loop system. In Section V, two simulation examples are performed to show the effectiveness of the proposed methods. Finally, Section VI concludes with a summary of the obtained results.
II. SYSTEM DESCRIPTION
In this section, the T-S fuzzy model [30] is employed to approximate the physical plant of the nonlinear discrete-time system with multiple time-varying delays and unmatched disturbances.
Consider a class of nonlinear discrete-time system with multiple time-varying delays and unmatched disturbances as follows
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where l i is a scalar, k 0 is the initial time for k 0 < k 1 , k 2 , the time-varying delays d i (k 1 + 1) and d i (k 2 + 1) satisfy the Lipschita conditions [31] . Then, by employing the T-S fuzzy modeling technique in [30] , the system (1) is further rewritten as follows Plant rule i:
T is the premise variable, M ij is the fuzzy set, f i (θ (k)) is the fuzzy basis functions of θ (k) and described as follows
where 
Remark 1: The objective of this paper is to design the fuzzy dynamic output feedback controller for the system with Assumption 1, such that the solutions of the resultant closedloop system converge to an adjustable bounded region.
Remark 2: Since the closed-loop system performance can be degraded severely by the time-varying delays and external disturbances, the control design problem for the nonlinear systems presents a tremendous challenge. The adaptive dynamic fuzzy back-stepping control approach is proposed for a class of nonlinear MIMO systems with immeasurable states, without considering the time-delays [12] . The nonrational output feedback control approach is proposed for the nonlinear semi-Markovian jump systems with time-varying delays, without considering the external disturbances [28] . The state estimation problem is addressed for the discrete-time dynamical networks with time-varying delays and bounded disturbances, without considering the unmatched disturbances [32] . Different from the above literatures, the fuzzy dynamic output feedback control problem is addressed in this paper for the nonlinear discretetime T-S fuzzy system with multiple time-varying delays and unmatched disturbance. With the help of the proposed methods, both the steady-state performance and transient-state performance can be guaranteed. Moreover, by introduced the stochastic system theory and Bernoulli distribution, it can be seen that the solutions of the resultant closed-loop system converge to an adjustable bounded region Remark 3: For the problem formulated, there are three challenging issues as follows. The first one is how to employ the T-S fuzzy model for the nonlinear system to approximate the nonlinear uncertainties caused by the multiple timevarying delays and unmatched disturbances. The second one is how to introduce the stochastic system theory and Bernoulli distribution to design the fuzzy dynamic output feedback controller, such that the solutions of the resultant closed-loop system converge to an adjustable bounded region. The third one is how to employ the cone complementarity linearization algorithm to deal with the non-convex problem in the LMIs. If the above three issues are solved, the controller will be designed with easy implementation in practical engineering systems.
III. CONTROLLER DESIGN
In this section, based on the stochastic system theory and Bernoulli distribution, the fuzzy dynamic output feedback controller is designed for the system (3). The graphical abstract of the proposed methodology is shown in Fig. 1 .
For the system (3), the dynamic output feedback controller is designed as follows.
Controller rule i:
. . , and
where x c (k) ∈ R n , y c (k) ∈ R m and u c (k) ∈ R q are the state vector, control output and control input of the dynamic output feedback controller, respectively. A ci , B ci and C ci are the gain matrices with appropriate dimensions. Then, for the system (3), the fuzzy dynamic output feedback controller (6) is obtained as follows
Remark 4: Due to the existence of the multiple timevarying delays and unmatched disturbances between the system plant and the dynamic output controller (as shown VOLUME 6, 2018 in Fig. 2 ). The output vector y (k) of the system plant is not equal to the input vector y c (k) of the controller (i.e. y (k) = y c (k)), and the output vector u c (k) of the controller is not equal to the input vector u (k) of the system plant (i.e.
Base on the above reasons as show in Remark 4, the stochastic system theory in [33] is employed to describe the phenomenon as follows
with
whereᾱ andβ are the positive scalars. α (k) and β (k) are the random variables representing the measurements probabilistic-density functions. If
{β (k)} obey the Bernoulli distribution and representing the missing measurements nature from the sensors to the controller due to the time-delays, external disturbances, suddenly breakdown or limited capacity in information transmission (as shown in Fig.2 ). Prob {α (k)} and Prob {β (k)} are the probability of the random variables α (k) and β (k), respectively. E {α (k)} and E {β (k)} are the mathematical expectation values of the random variables α (k) and β (k), respectively. Based on the stochastic equation (8), the fuzzy dynamic output feedback controller (7) is further rewritten as follows
By employing the controller (12) for the system (3), the nonlinear discrete-time T-S fuzzy closed-loop system is obtained as follows
Based on the definition of the stochastic variables, with (8)- (11), one has
where a and b are the scalars. For the problem formulated, there exist the Lemmas 1 and 2 as follows.
Lemma 1: For the system (13), if there exist the positive scalar χ , positive matrix G such that χ > 0 and G > 0 for the initial conditionsx (0) ≡ 0 and d (k) ≡ 0, the following inequalities holds
where x 0 is the initial state of the nonlinear system. Then the closed-loop system is stable. Lemma 2: For the system (13), if there exist the negative matrices M il such that
Then, the following inequality holds
IV. STABILITY ANALYSIS
In this section, the H ∞ performance analysis is presented at first, then the cone complementarity linearization algorithm is employed for the system (13) to deal with the non-convex problem caused by the LMIs conditions. Remark 5: First, the H ∞ stability analysis is presented for the system (13) . The fuzzy discrete Lyapounov-Krasovskii functional (24) is introduced, and a non-convex condition will be produced when obtaining the LMIs conditions for the controller design. Secondly, in order to deal with the non-convex problem, the cone complementarity linearization algorithm is employed for the fuzzy dynamic output feedback controller design.
A. H ∞ STABILITY ANALYSIS
In this section, the H ∞ stability analysis is presented for the system (13).
Theorem 1: For the system (13), if there exist the positive scalar χ > 0, identity matrix I , positive matrix Q i > 0, and nonsingular positive matrix Q j > 0 such that
in which
Then, it can be seen that the solutions of the closed-loop system (13) converge to an adjustable bounded region. Proof: For the system (13), choose a fuzzy discrete Lyapunov-Krasovskii functional f i (·) as follows
where f i (·) is the fuzzy basis functions, and Q i > 0 is a positive matrix.
With the Lemma 1, the mathematical expectation value of
where f
By employing the Schur complement, one knows that the inequality (20) is equivalent to the inequality (26) as follows
For the system (13), defining the parameter such that
With (24) and (27) , one has
where µ is a positive scalar.
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Based on the Lemma 1, taking the mathematical expectation value for right side of (28), one has
where k = 0, 1, . . . , ε with ε ≥ 1 is a positive integer scalar.
With the Lemma 1 and (29), one has
wherex (0) is the initial condition. Assumption 2: For the system (13), if there exist the positive scalar ε ≥ 1 and the nonsingular positive matrix Q j > 0 such that
then based on the Lemma 1, the following inequality holds
where
With (27) and (33), one can obtain < 0 and G > 0. Thus, based on the above analysis and Lemma 1, it can be seen that the nonlinear T-S fuzzy closed-loop system (13) is stable. Then, for the system (13), the H ∞ performance index J is introduced as follows
For (34), defining the parameter ξ i (k) as follows
With (34) and (35), one has
By employing the Schur complement and considering the inequality (20) , one has
The proof for the Theorem 1 is completed. Remark 6: For the system (13), due to introducing the fuzzy discrete Lyapounov-Krasovskii functional (24), the nonconvex condition will be produced when obtaining the LMIs conditions for the controller design. Thus, it will be more difficult to solve the parameter matrices A ci , B ci and C ci for the proposed controller. In order to deal with the non-convex problem, the cone complementarity linearization algorithm is employed for the controller design in Section B.
B. CONE COMPLEMENTARITY LINEARIZATION ALGORITHM
In this section, the cone complementarity linearization algorithm is employed for the fuzzy dynamic output feedback controller design. And the control design conditions are relaxed because of the developed cone complementarity linearization algorithm.
Remark 7: The dynamic output feedback technique is more flexible and the required conditions on the nonlinear systems are less conservative. The proposed controller is smooth and the precise time delays are not required for the control implementation. But the control design conditions for the nonlinear systems are more conservative because of the non-convex problem. Thus, based on the Lemma 2, the more flexible conditions will be presented in the Theorem 2 as follows.
Theorem 2: For the system (13), if there exist the positive scalar χ > 0, identity matrix I , positive matrix Q i > 0, and nonsingular positive matrix L i > 0 such that
in whichÂ 1il ,Â 2il ,Ĉ 1il andĈ 2il are the system parameter matrices with appropriate dimensions, then the following conditions hold
< 0 is a negative matrix Then, it can be seen that the solutions of the resultant closed-loop system (13) converge to an adjustable bounded region.
Proof: For the matrixˆ il in (41), the parameter matriceŝ A 1il ,Â 2il ,Ĉ 1il andĈ 2il are defined as follows
With (45), the inequality (20) can be rewritten as follows
With the Lemma 2 and (47), the following inequality holds
With the above analysis, it can be seen that if Q i and L i are the feasible solutions of (42)- (44), the gain matrices of the controller A ci , B ci and C ci can be solved in the Theorem 2.
The proof for the Theorem 2 is completed. Remark 8: From the Theorem 2, it can be seen that the condition (44) is a non-convex set. In order to deal with the non-convex problem, the cone complementarity linearization algorithm is introduced as follows.
Lemma 3 [34] : The basic idea of the cone complementarity linearization algorithm is that if there exist the positive matrices Q i ∈ R n×n and L i ∈ R n×n such that Q i > 0, L i > 0 and VOLUME 6, 2018
where Tr (Q i L i ) is the trace of the matrix Q i L i . Note, the LMIs can be solved by the LMIs toolbox, and the basic feasible solutions A ci , B ci , C ci , Q i and L i can be obtained. With the above analysis, it can be seen that the nonlinear minimization problem can be instead of the nonconvex feasibility problem in the Theorem 2. Thus, the LMIs conditions for the nonlinear minimization problem are given as follows (20) and
where minTr (·) is the minimum value for the trace of
For the nonlinear minimization problem, if there exist the feasible solutions rn such that the following conditions hold
then the LMIs conditions are solvable in the Theorem 2.
For the system (13), the cone complementarity linearization algorithm is designed as follows (Step 1-5) [34] .
Step 1. Select the membership functions and construct the fuzzy rules for the system (3). Giving the H ∞ performance index J for the closed-loop system (13) . Go to Step 2.
Step 2. Solve the LMIs (42), (43), and
where k is the numbers of the iterations. Go to Step 3.
Step 3. Solve the following LMIs for the parameter matri- Step 5. Output the feasible solutions
The static output feedback control problem has been studied extensively for the nonlinear uncertain system with time-delays [20] , [25] . It is well known that the dynamic controller provides more freedom and results in less conservativeness than the static controller. Compared with the design conditions for the static output feedback control, the design conditions for the fuzzy dynamic output feedback control are relaxed in this paper. In addition, with the help of the cone complementarity linearization algorithm, the nonconvex problem is solved effectively.
V. SIMULATION RESULTS
In this section, two simulation examples are performed to show the effectiveness of the proposed methods.
A. EXAMPLE 1
Consider a chemical stirred tank reactor system as follows [35] 
where κ = 1, 2 is the mode index, f si is the feed stream index, and the use details of parameters κand f si were shown in [35] . C A , T and T C are the reactant concentration, reactor temperature and coolant temperature, respectively (as shown in Fig. 3) . In this paper, the mode index κ is chosen as κ = 1 [35] , then the system (53) is rewritten as follows
In addition, the using details of the parameters in (54) are shown in [35] . For the chemical stirred tank reactor system (54), the desired nominal operating values are C * A = 0.5mol/L, T * = 350K and T * C = 280K . In this case, x 1 = C A − C * A and x 2 = T − T * are the state variables. With [35, Table 1 ], the model index κ is given as κ = 1, then the system (54) is rewritten as follows
Consider the chemical stirred tank reactor system (55) with the multiple time-varying delays and unmatched disturbances, the system (55) is further rewritten as follows
For the problem formulated, the system (56) is transformed into the form of system (1) as follows
where r = 2.
By employing the T-S fuzzy model technique in [30] , the system (57) is rewritten as follows
(58) where x 1 = C A − C * A and x 2 = T − T * are the state variables. y (k), z (k) and u (k) are the measured output, control output and control input of the system, respectively. d 1 (k) and d 2 (k) are the unmatched disturbances. A 1 , A 2 , B 1 , B 2 , C 11 , C 12 , C 
The membership functions for the fuzzy rules 1 and 2 are given as follows
Base on the Lemma 1, with (8) and (9), the parametersᾱ,βχ and G are given asᾱ = 0.7,β = 0.7, χ = 1 and G = [1.50]. Then, based on the stochastic system theory and Bernoulli distribution, the fuzzy dynamic output feedback controller is designed as follows 
B. EXAMPLE 2
Consider a nonlinear mobile robot system as follows [30] 
where x 1 (k) is the direction angle of the mobile robot, x 2 (k) and x 3 (k) are the mobile robot position coordinates in the global coordinate system. u (k) is the control input. v r = 0.9m/s is the linear velocity of robot, l r = 2.5m is the length of robot and t r = 1.0s is the sampling time.
Consider the mobile robot system (61) with the multiple time-varying delays and unmatched disturbances, the system (61) is further rewritten as follows
For the problem formulated, the system (62) is transformed into the form of system (1) as follows
where r = 3. By employing the T-S fuzzy model technique in [30] , the system (63) is rewritten as follows
(64) where x 1 (k), x 2 (k) and x 3 (k) are the state variables of the mobile robot system.
T are the measured output, control output and control input of the system, respectively. v p (k) and ω p (k) are the linear velocity and angular velocity of the mobile robot, respectively. 2 and E 3 are the gain matrices with appropriate dimensions and given as follows 
The membership functions for the fuzzy rules 1, 2 and 3 are given as follows
Based on the Lemma 1, with (8) and (9), the parametersᾱ,βχ and G are given asᾱ = 0.9,β = 0.8, χ = 1 and G = [1.50]. Then, based on the stochastic system theory and Bernoulli distribution, the fuzzy dynamic output feedback controller is designed as follows For the simulation, the initial states are given as x (0) = 8.8 0 0
T . The multiple time-varying delays are given as
The unmatched disturbances are given as
The responses of the system state variable x 1 is shown in Fig. 7 , the responses of the system state variables x 2 and x 3 are shown in Fig. 8 . The control input is shown in Fig. 9 . From the three figures, it can be seen that the proposed method is effective and can stabilize the mobile robot system quickly. 
VI. CONCLUSIONS
This paper addressed the fuzzy dynamic output feedback control problem for a class of nonlinear discrete-time T-S fuzzy systems with multiple time-varying delays and unmatched disturbances. The T-S fuzzy model is employed for the nonlinear system, and the nonlinear uncertainties caused by the multiple time-delays and unmatched disturbances can be approximated effectively. The proposed fuzzy dynamic output feedback controller is smooth and flexible, constructed based on the stochastic system theory and Bernoulli distribution, and only uses the system output. The cone complementarity linearization algorithm is employed for the stability analysis, and the control design conditions are relaxed. By introducing the stochastic system theory and Bernoulli distribution for the controller design, it can be seen that the designed controller renders that the closed-loop system has better transient state performance and better steady state performance. Finally, two simulation examples are performed to show the effectiveness of the proposed methods. In the future work, the finite/fixed-time stabilization for the stochastic system with asymmetrical time-varying delays will be considered. 
